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For approximation of the operator − ∂2

∂x2 , (x ∈ [0, L]) with periodical boundary conditions fi-
nite difference expressions with the different order of approximation are investigated. We consider
corresponding discrete spectral problem Ay = μy for finite difference operator on uniform grid
xj = jh, j = 1, N,Nh = L where h is the grid parameter, μ is eigenvalue and A, y are the circulant
matrix and column-vector of N order (eigenvector) with elements yj , j = 0, N .

We use from two vectors y1, y2 following scalar product
[
y1, ȳ2

]
= h

(∑N
j=1 y

1
j ȳ

2
j

)
, where ȳ is the

conjugate value of y. The corresponding discrete spectral problem Ayn = μny
n, n = 1, N with circu-

lant matrix A have following eigenvectors: yn = C−1
n (yn1 , y

n
2 , . . . , y

n
N )T , where ynj = exp(2πinxj/L),

j = 1, N , i =
√−1 are the components of column-vector yn. The constants Cn =

√
N and we have

the orthonormed eigenvectors yn.
We obtain the matrix A and eigenvalues μn of matrix A for different order of approximation

O(hk), k ≥ 2:

1. k = 2, h2A = [2,−1, 0, · · · , 0,−1], h2μn = 4 sin2(πn/N),

2. k = 4, h2A = [ 52 ,− 4
3 ,

1
12 , 0, · · · , 0, 1

12 ,− 4
3 ], h

2μn = 4(sin2(πn/N) + 1
3 sin

4(πn/N)),

3. k = 6, h2A = [ 4918 ,− 3
2 ,

3
20 ,− 1

90 , 0, · · · , 0,− 1
90 ,

3
20 ,− 3

2 ], h
2μn = 4(sin2(πn/N) + 1

3 sin
4(πn/N) +

8
45 sin

6(πn/N)),

4. k = 8, h2A = [ 20572 ,− 8
5 ,

1
5 ,− 8

315 ,
1

560 , 0, · · · , 0, 1
560 ,− 8

315 ,
1
5 ,− 8

5 ],

h2μn = 4(sin2(πn/N) + 1
3 sin

4(πn/N) + 8
45 sin

6(πn/N) + 4
35 sin

8(πn/N)), etc.

Therefore the matrix A can be represented in the form A = PDP ∗, where the column of the
matrix P and the diagonal matrix D contains N orthonormed eigenvectors yn and eigenvalues
μn, n = 1, N correspondly. From P ∗P = E follows that P−1 = P ∗, where E is the unit matrix. For
solving the problems of the mathematical physics we compare these methods with the scheme with
the exact spectrum, when in the matrix D elements are the first N eigenvalues of the continuous
differential operator λn = ( 2nπL )2.
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