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1. General Information

About 30 years ago A. Buikis defined a new class of splines: the integral
splines. Integral parabolic splines (IPS) firstly were defined in papers of A. Buikis [4] -
[7]. IPS and accordingly integral rational spline was defined for continuous, pieces
smooth class of functions, which describes processes in porous media. In paper [8] the
generalization of IPS is formulated: in paper was proved the existence and uniqueness
of generalized integral parabolic spline (GIPS). Generalized integral spline describes
processes in double layered systems, where there is an intermediate layer between both
layers. Quite often the intermediate layer can be thin, and then with the help of
conservative averaging method it can be approximated with linear function. In other
words: the splines approximating integral values is defined, both- in the form of
polynomial as well as rational, which can also describe the border layers. Their
advantage is that their definition includes conditions, that they fulfil conservation laws,
which are accomplished in partial differential equations. They can be used in
homogeneous media as well as in layered media, and in the cases, where in some places
there can be leap in solution or its first derivative. But in all cases continuous functions
were considered, which on the boundary of two layers continuously moves from one
layer to another. But for the concentration fields in the cases of chemical reaction the
leap of first kind for function or its derivative is possible. It was made and was reflected
the paper [9].Here a new, normalized form of both splines is offered.

We consider the domaina < R*. Let it be given a piecewise-continuous,

piecewise-smooth function u (x), xe[a,b]. Also let it be given, that in the different
inner points x,, i=1,N the function or its first derivative u '(x) of the function can
have a finite jump with @ ,i=1 N in the case of function U (x), xe[a,b] and

Q. i= 1,N in the case of function first derivative u ‘(x). In two figures there are
shown the geometrical interpretation of the reconstractable piecewise smooth function
U (x) and its first derivativeu '(x).
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Also can be mentioned that in the case, when @, = 0, i = 1_N we obtain continuous function
and Likely when Q. =0, i :1,_N, then we obtain that the first derivatives is smooth. If
®, =Q,=0,i= 1,N can use IPS proposed in [5] - [8].

Let it be given a piecewise-continuous and piecewise-smooth functionu (x), xe[a,b].

Also let it be given, that in the different inner points x , i= 1,N the first derivative U "(x)
of the function has a finite jump:

k,,U'(x,-0)+ &: kU '(x, +0)- Q_

2 2
(1.1)

Here coefficients k, >0, i=0,N are known for allxe (x,,x,,,), x,=a, x,, 6 =bhb.

Since the function U (x) is continuous on the closed interval[a,b], we additionally have
following dis continuity equalities in these points:

0. cy —
U(x,-0)+—=U(x,+0)-—, i=1N.

2 2
1.2)
Additionally is given the integral averaged values u, of the function U (x)over the all sub-
segments([x,.x,, ]

i+l

u =H," IU(x)dx, H,=x,-%, i=0,N
X.

(1.3
The interpolation problem consists in approximate reconstruction of the functionu (x). This
procedure is based on conditions (1)-(3) and following general boundary conditions (BC) on
end points x = aandx = b :
-v,k,U'(a)+A,U(a)=@
(1.4)
v,k ,U'(b)+ 24U (b)=a

0

.
v, =01 v, +4, >0, I=0.1.

(1.5)

This interpolation problem can be solved by polynomial spline IPS, as in the proposed form it
fulfils integral averaged values (3):

[(x-x)" & |l
S(X):ui+mi(x_)?i)+ei|(—l)__l|‘
L k. H, 12J
_ X, + X, H.
X, =—, G, =—>0
2 k.

(1.6)

For the finding of 2(N +1) free coefficients, we have the same number of equations (1), (2),
(4) and (5). We will use the same methodology for finding spline with jump coefficients as it
was shown in [5] - [7]. Here is proved, that coefficient m, can be represented through

coefficients e, intwo forms:

a) (forward form) fori = o, N -1



3mk, (G, +G,,,)+e, (G, +3G, )+

i+l i+1

+2e,,6,,,+3Q,,G,,+60,, =6(u;,, -u)
1.7,)

b) (backward form) for i = LN

3k,m (G, +G,,)-¢e, (G, +3G, )~

-2¢,,G,,-3Q,G,, +60,=6(u, —u,,)
1.7,)

The elimination of the coefficientsm, from these expressions gives for i=1,N -1 us

following system regarding the coefficients e, :

a,e,, +ce +be, =

1 1 i+1

=fu  —fu +fu  +
i i-1 [ i i+1

+3Q,,a, +3Qb, +20, f -20 f,

i+1 70 i+l i

i=1,N-1
(1.8)
Here f, = f + f"and
ai _ Gi—1 ‘ bi _ Gi+1 ‘
Gi+Gi—1 Gi+Gi+1
. 3 . 3
f = , =
G|+Gi—1 G|+Gi+1
(1.9)

For the transformation of the BC (4), (5) some additional notations must be used and two
different cases are distinguished:
1) 4, # 0 (and 2, = 0). Then

2v 2v
G, = =, Gy = -,
A, A,
O] (O]
u, = 0’ Uy, = :
Ao Ay
(1.10,)

2) A4, =0 (and 2, = 0). Then
G,=2v,-G,, G ,=2v,-G,

u,=®,+u,, U, =@, +u,
(1.10,)
Following methodology [7], [8] we have obtained boundary conditions from equations (4), (5)

for the first and last equations:



(l+a, +b,)e, +bee, =

- +
= fou, - fu, + fiu +

+3Q,a, +3Q,b, +20 f -20 f ,

aje,,+@+a, +by e, =

N
= fou - fug+ fyug,+

+3Q +3Q,b, +20 f/  -20  f, .

(1.11)
In the case 4, =0 (4, =0) we have special formulas for coefficientsa andb :

1

N+1aN 1

a, = b, =1. Inthe papers [7], [8] was proposed the representation for coefficients e, of IPS
through all averaged integral values. This representation shows in explicit form also the
influence of the BC type and its right hand side on the spline:

N
(0) ¢ - (1) ¢ +
€ =7 fn)u-lJr7/i fNuN+l+lei,juj’
j=o0

i=0,N

(1.12)
The coefficients in the representation (12) are determinate from three systems of linear
algebraic equations.

a) The system fory °’ (shows the impact of BC (4)):

l+a,+ bo)yéo) + boylm =1
(0

Vi +(1+ai +bi)yi(0)+b7(0) =
0

il i+l

=0, i=1,N-1

<3

a y +(1+a, +b, )y,

Nnyl

(1.13,)
b) The system for “’ (shows the impact of BC (5)):

(1+ a, + bo)yél) + boyl(l) =0
(1 _

i+1

iyi(ﬂ +(1+a, + bi)yim + by

=0, i=1,N-1

@

agry,+t@+a, +by)ry =1

—_———
Q

iﬁi—l,j + (1+ a; + bi)ﬂi,j + biﬂ”lvj -

[
QD

=f/ 6., - f6 ,+f'6.,,,, i=1,N-1
|

|aNﬂN_“ +(1+a, +b, )ﬁN‘j =

{: fN_5N-1,j - fN6N,j



where 5, =4

2. Multilayered systems

For the multilayered systems the thickness of the layer is small comparing to
system longitude, therefore the conservative averaging method [10] can be applied
towards the thickness of layers. As a result a following type of mathematical model is
obtained:

2 2

oT 2( )6 T 2( )8 T ) £ 0
—=a (x,y +a,(x,y L X = X Ly, t>0,
ot ' ox’ ’ EBy2
oT o°T B, oT B. oT oT
—=a, (x,y) 2+—k— - -w, —+a, (06, -T)
ot 6y 2 0OX ex® 1o 2 0OX xex® g 8y
x:x(k),y,t>0, (2.1)
00 PaC) 00

“=b (Y)W, —+a(T-0,),0,] =0,(t),
ot ay ox y

0 0 1 1

T|t:0 =T (X,y); ®k|1:0 = ®k(y)vT|X:X1(k)’y:0 :Tk (t)’T|x¢X1(k).y:0 =T (th)'

We consider the mathematical model where separate temperatures are averaged by the
thickness of layers and the special type of parabolic splines [5] — [9] are used for the
initial mathematical problem simplification. Now, by easiest one-dimensional multi-
layer temperature conduction model, we will show how IPS can be used to simplify
the initial problem. We consider following heat conduction model with piecewise-
constant coefficients:

2

ou . 0 ) —_—
c, —=—(k, =)+ F(x,t),x, < x<x,,,i=0,N,x,=a,x,,,=b,te(0,T],
ot OX OX
(2.2)
oU . (x, - 0) U (x. +0)
U._(x,-0)=U (x,+0),k,_, ' ' =k, — ,
oX oX
(2.3)
oU ,(a) ou  (b)
—v k, ——=+ AU (a) = D (t),v.k, ——+2,U (b)) = (1),
oxX oxX
(2.4)
U, (x,0) =U"(x).
(2.5)

We introduce in conformity with the method of conservative averaging the integral
averaged valuesu, (t) :

Xis1

1
ui(t):—J'Ui(x,t)dx,Hi =X, -X,i=0

1 [

oy

(2.6)



The integration of main equation (6) gives exact consequences:

X=X
i+l X1

— 1
+H0=0,N, f(t)=— [ F(x,0)dx,

It remains to replace the first term in the right hand side of the equation (10) by the first

derivative difference

dt  H. ox

of IPS:
K, ou, | 7k ds| T 2e
H, ox . H, dx H .

X=X

As the last step, we use the representation for the spline coefficiente for

Q =0,=0,i=0,N":

0 - 1 + .
e, =7t u +yPiju, + > Byu,i=0N.

This finally gives:

du, 2 [N 0) . - .. | N
ci—:—|2ﬁijuj+7/i()f0u71+yi()fNuN+1|+fi(t),i:0,N,te(O,T].
dt H, 1D

(2.7)

To this system of ordinary differential equations (ODE) averaged over sub-segments
[x,.x,,], initial conditions (9) must be added (the conjugations conditions and BC were
already used by construction of IPS):

Xis1

u,(0)=u:= L J' U/’ (x)dx.

H,
(2.8)
So, we have reduced the one-dimensional heat conduction problem with
discontinuous coefficients for PDE to the system of ODE with continuous
coefficients. After solving problem (12), (13), we can approximately reconstruct the
solution of original problem by IPS (2). The approximation error is known.
Generalized Integral Parabolic Spline. Let it again be given a continuous, piecewise-
smooth function U (x),x e [a,b], for which the first derivative U '(x) has first kind

discontinuities in 2N different inner points x,, x
k,,U'(x,,,, - 0) =k,

i-1/2

i—120 1T

U "(x.

i-1/2

+0),k.

1Y (X, =0) = kU '(x, +0).
The continuity property of the function U (x) gives following 2N equalities:

U (X, -0)=U (x +0),U(x, -0)=U(x, +0).

i-1/2 i-1/2

i-1/2

Here the function (coefficients) k (x) is piecewise-constant function:

k(X) _ %[ki—llz’.if X € (Xi—1l2’ Xi)‘
Lki’ if xe (Xi’xi+1/2)
with propertyk, ,,, U k,,, k,,,, U k,.Here must be mentioned that thex, ,,, = x,,, = b, it

means the function U (x) can neither end nor begin with a linear part of the segment[a,b].

Additionally are given N +1 values u, of the function U (x) over sub-segments [x,, x

i+1/2 ] .
Xiv1r2

.1 - _
ui:~—J'U(x)dx,Hi:x - x,i=0,N.
H. iy

i+1/2 i

(2.9)



Further, it is known, that on the sub-segments [x, ,,,.x,.,].i =0,N —1 the function can be

approximated by linear function. Finally, the BC must be fulfilled.
In our paper [7], [8] it was shown that there exists exactly one spline fulfilling all mentioned
conditions. We will seek this spline in the form:

N n " ~|—(X_xi)2 Gi—| - X + X, P
ui+mi(x—xi)+ei|—~——|, Xxel[x,X,,,,l,x,=———,i=0,N;
> k- H. 12J 2
S(X): i
| bl = Xigo ¥ % . 77
Lui—llz + mi—l/Z(X - Xi—llz)’x € [Xi—llz‘xi]’ Xis12 = f,l =1, N.

For explicitness of presentation, we consider following one-dimensional heat
conduction (or diffusion) model with piecewise-constant coefficients:

_ouU, a8 -0U
C. i

L)~ q, (U, + F,(x,1),
ot OX OX

X, < X< X ,,,i=0,N,x, =a, x,,,=X,,,=0bte(0,T]
(2.10)
a U, 1/2 a a ZlJ i-1/2
Cio ;:_(ki— ;)_qi— U,
1/2 at ax 1/2 aX 1/2 1/2
+F (0, X, <x<X,i=1N.
(2.11)

To the differential equations (33) for separate elementary bars and the equations (34)
for interlayers we must add the conjugations conditions in the connection points

X, X

U ifl(x

i-1/2 "

i-1/2 0)=U i—112(xi—l/2 +0),

U, ,,(x, —0)=U(x +0)i=1N,

i-1/2 i

(2.12)
© U (Xm0 Y, £ 0)
o ox e ox '
0U (4, =0) - 2U (x, +0)
e ox o

(2.13)
Finally, to choose unique solution, we must add BC for the first and last elementary
bars and initially conditions for all elements of the multilayer bar:
ouU  (a)
v k, ——=—=+ A,U (a) = @ (1),
ox
au , (b)

OX

VlN

+ U, (b) = @ (1),

(2.14)

U,(x,0)=U/(x),U
(2.15)

As one can see, the coefficients have discontinuities in 2N different inner points

(x,0)=U/,(x).

i-1/2

Xiv Xigpr V=

In technical (or natural) systems, often it may happen that interlayers’ physical and
geometrical properties fulfil following inequalities:



k.., min(k,_.k),i=1N,

i-1/2
X —X .. =H. <min(|—IH,I-Ii).

i i-1/2 i-1/2

The mathematical modelling in such cases restricts oneself to assumption that interlayers’
solution is linear regarding argument x . In this and in next sub-sections we will specifically

investigate this case.

The solution of problem (33)-(38) is continuous in closed rectangle {xe[a,b]}® {te[0,T]}
function

).i=0,N,

X ), i=1,N.

i+1/2

jU (x,1),if x e (x;, X
U (x,t) =

[ 1, (G xe (X,

The integral averaged valuesu, (t) are introduced in consistency with GIPS property:

Xis1r2

G, () == [ U, (0080 H, =%, X,i=0,N.
F{

i+1/2

i X;

We integrate the main differential equation (10):

_di, ok ou,[

c,—=—=— —q,(tyu, + f (1), f, (1) J' F (x,t)dx.
dt Hi oX — P x,

(2.16)

We underline that the equality (16) is exact, not approximate consequence of PDE
(10). Now the approximation will be made by replacing the first term in the right hand
side with difference of splines’ first derivatives:

k ou,| Tk ds| T 26,
H_ia_xm IETI
2.17)
The substitution of the representation in formula (17) gives approximate equality:
= e, - ) ]
E_iia;(I - i g_[Jzoﬁ”dj + 7;i(0) fou_, + 7~i(l) fN+JN+1—|"
(2.18)

Now we substitute the right hand side of formula (17) in the equation (16) and we
obtain the final form of the averaged differential equation for the elementary bars
together with averaged initial condition:

-~ du k~ ~(0) ~(1) o+~ 1 ~
C.___|Zﬂuu t7i f u1 i fy Uy [=a,(®u + f (1),
dt Hi | 2o |

0.(0) = — j U °(x)dx.
Hl

(2. 19)
The solution (analytically or numerically) of this Cauchy problem for the system of

ODE (28) gives us the functions u (t),i —0,N. This allows us calculate from
representation (16) all coefficients e ,m, of GIPS and thus reconstruct solution

U (x,t),i=0,N forall elementary bars.

The multi-layered systems for discontinuous piecewise functions was been
developed Andris Buikis, Margarita Buike, together with Solvita Kostjukova, doctoral



student. This research was also noticed by other scientists like Prof. Siavash Sohrab
from U.S. because the spline was suitable for the shockwave analysis.

The research on the mathematical models of wood fibre and plywood has been
carried out, where the mentioned integral spline has been applied. The existing
mathematical models have been inspected by Cepitis et al., Buikis et al., Kang et al.
and new ones have been developed. Numerical simulations, extensive study of the
physical non-linear properties as well as the comparison of the models has been
carried out.

Another research activity was related to electric systems like automotive fuses and
insulated wires. R. Vilums obtained doctor’s degree in 2010 regarding this subject.
The mathematical models of heating of fuses developed with the conservative
averaging method (CAM) (Vilums (2010), Vilums et al. (2008a and 2008b)) were
improved, numerically solved and compared with the results obtained by the standard
finite volume approach (Vilums (2011)). Temperature-dependant physical coefficients
were used and free heat convection and heat radiation on the surface were considered.

Numerical implementation of the models was carried out in Maple and in an open-
source C++ library called OpenFOAM, which was used for the finite volume
calculations. Because OpenFOAM has insufficient documentation in general and none
in Latvian, several tutorial examples in Latvian have been created which included the
implementation of the mathematical models of insulated wire and automotive fuse.
These documents and other useful information collected during the research were
made available on a web site.

3. Wall with two fins

In this section we present mathematical three dimensional formulation of a transient
problem one element with two rectangular fins attached to both sides [13].

We will use following dimensionless arguments, parameters:
x=x/(B+R),y=y/(B+R),z=z/(B+R), I =L/B+R) l,=L,/(B+R)w=W /(B+R),
b=B/(B+R),5=D/B+R, f=hk '(B+R),S,=hk'(B+R)

and dimensionless temperatures:

V(% y.2.0) - V(xyzt)-T, (1) \;o(x,y,z,t)zv‘J(x'y'Z’t -7, (t)’

)
T, ()-T, () T, ()= T, (1)

\;1(x,y,z,t -T,(1) é(x y2.t) = é(x,y,z,t)—Ta(t)

)
Ty (1) =T, (1) Ty (1) =T, (1)




Heat exchanger consisting of rectangular fins attached on either sides of a plane wall

We have introduced following dimensional thermal and geometrical parameters: k -
heat conductivity coefficients for the wall, right fin and left fin, h(h,) - heat exchange
coefficient for the right (left) side, 2B — fins width (thickness), L — right fin length, L,
— left fin length, D - thickness of the wall, w - walls’ width (length), 2rR — distance

between two fins (fin spacing). Further, éo(x.y, z,t) is the surrounding (environment)

temperature on the left (hot) side (the heat source side) of the wall, (:)(x, y,z,t) - the
surrounding temperature on the right (cold - the heat sink side) of the wall and the fin.

Finallyv“o(x|y|z,t),\; (x,y,2,t),v,(x,y,z,t) are the dimensional temperatures in the wall,
right fin and left fin where T_(71,) are integral averaged environment temperatures

over appropriate edges.

The one element of the wall (base) is placed in the domainx < [0,5] y < [0.4] z < [0, w]} -
The rectangular right fin in dimensionless arguments occupies the domain
(xe[s.6+1] ye[o,b] z<o.w]}- The rectangular left fin in dimensionless arguments

occupies the domainx < [-1,,0] y < [0.b]. z < [o,w];. We describe the temperature field by
functions v (x,y.z.t)s vo(xy.2.)s v.(x.y.2.) 1N the wall and fins:

oV, o'v, oV, 1 v,
2 T 2 T 2 T 2 !

OX oy oz a~ ot
31)

o'v a’v  a'v. 1 av
2 + 2 + 2 2 .,

oX oy oz a" ot
(3.2)

a'v, 8’v, av, 1 av,
+ + =— .

ax? 6y2 oz’ a’ ot
(3.3)

We must add initial conditions for the heat equations (1)—(3):

Vol =V, (xy.2),

0
t=0

(3.4)



\; =Vv°(x,y,z),
" (35)

\/_1 =V1°(X,y,z).
" (36)

We assume heat fluxes from the flank surfaces (edges) and from the top and the
bottom edges:

oV 0Vf
ol S0yt T =0, (0t
0z 0z

(3.7)
ov ov
S Quyit) T = Qi yt),
0z 0z

z=0 =W

(3.8)
oV oV
QL) T QL)
0z 0z

(3.9)

In the case of steady state problem all above mentioned functions are time-
independent. Three dimensional formulation of a steady state problem can be obtained
in the similar way. Instead of (1) —(3) we have:

o'v, o'v, o'V, o'v.a'v 'V oV, o'V, o°v
S+ - —=0, ot T =0, =+ =+ —=0.
oX oy 0z ox oy 0z ox oy 0z
Initial conditions (4)-(6) are not needed. Conditions (7)-(9) are in the form:
8Vf i)Vf 8\; 6\;
2 =Q,,(xy) —H  =Qu(xy) —] =Q,(x,y) — =Q,(x,y)
0z 0z 0z 0z
0\; oV
: :Q1,2(X'y)l : :Ql,a(xvy)'
0z 0z

Such type of boundary conditions (BC) (7) — (9) allows us to make the exact reducing
of this three dimensional problem to the two dimensional problem by conservative
averaging method [10]. Let us introduce following integral averaged values:

w

Vo(x,y,t)=w" ~JV0(X, y,z,t)z,
0

(3.10)

w

(%, y, t)=w -J’@O(x,y,z,t)dz,

0

(3.11)

w

V(x,y,t)= W’1~J’\;(x,y,z,t)dz,

(3.12)

9(x,y,t)= W’1~J'®(x,y,z,t)dz,
0

(3.13)



vV (x,y,t)=w" ~IV1(X, y,z,t)z.
0

(3.14)
Realizing the integration of main equations (1) — (3) by usage of the BC (7) — (12) we
obtain:

2,

o'v, a'v, 1oV,
T+ T QX y. 1) =—
ox oy a~ ot

(3.15)

o'V o'V 1 oV
2 + 2 +Q(X1y!t):7271

oX oy a” ot

(3.16)

alv, v, 1 0v,
S+ S+ QX y, ) =—

oxX oy a t

(3.17)

Here

Q¥ 1) =W (Quy (X, ¥,1) = Qp, (X, ¥,1)), QX ¥y, 1) =W (Q, (X, y,t) = Q, (X, y,1)),

Q06 Y ) =w " (Q, (X, ¥,t) = Q,, (X, ¥.1)).
We add to the main partial differential equations (15) — (17) needed BC as follows:

(aavxuﬂo[so(x,y,t)volj —0,y<(ba)

(3.18)

v,

(ax +ﬂ[vo—s<x,y,t)]}
(3.19)

ov,
oy yoo
(3.20)
ov,
oy .
(3.21)

We assume them as ideal thermal contact between wall and fins - there is no contact
resistance:

x=0

=0,ye(bl)

xX=6

=Q,,(x,t),xe(0,5),

= Q,,(x,t)xe(0,5)

(3.22)

av, ov

OX |, s 0 ) 67XX:0.+0
(3.23)

(3.24)

ov, oV,

X |, 00 - OX |, 040
(3.25)

We have following BC for the right fin:



[vaw[v—&(x,y,t)ﬂ 0.y (0.b),

(3.26)

x=5+1

[av_,_/;[v_g(x’y‘t)] =0,xe (5,6 +1),
oy

(3.27)

ov. =Q,(x.t)xe (5,5 +1)

oy yoo

(3.28)
We have following BC for the left fin:

(av1
{ ox
(3.29)

@V; B, - 9 (x, y,t)]}
(3.30)
oV,

=0,ye(0,b),

+ﬁ0[so(x,y.t)—v1]j

x=—1,

=0,xe(-1,0),

y=b

=Q,(x,t),x e (-1,,0).
oy yoo

(3.31)
Finally, we introduce integral averaged values as (10) — (14) and add initial conditions
for the heat equations (15) — (17):

Vol oy = Vo (x,y),

(3.32)

V], =viay),
(3.33)

V1|t:0 =V,"(x,y).
(3.34)

In the similar way three dimensional steady state problem can be reduced to the two
dimensional problem. Instead of (15)—(17) we have:

d v20 L0 v20 L0 y) = 0, - V2 £ Q(xy) =0, azvz1 N a2v21 £ Q,(x,y) = 0.

ox oy ox oy ox oy

BC are still in the form (18)-(21), (26)-(31), conjugation conditions are in the form
(22)-(25) for time-independent functions v, (x,y),V (x,y)V,(x,y), %, (x,y) 9(x,y).
Initial conditions (32)-(34) are not needed for steady state problem.
This section represents solution for the 2D case of periodical system with constant

dimensionless environmental temperatures 9, =1(e,=T,) and 3 =o0(® =T,). We

2, 2

consider u (x, y) is a temperature of the right fin, u (x, y) is a temperature of the wall
and u (x, y) is a temperature of the left fin. Thus, the main equations are:

2 2
8U0+6U0:O
ox’ oy

(3.35)

2



2 2

o'y a'u
—+ =0,
ox oy
(3.36)
o'u, o'u,
;o ;= 0.
oX oy
(3.37)
The BC (20), (21), (28), (31) are assumed to be homogeneous:
ou,| au,l au| ey,
oy oy oy oy

y=0

y=0

Instead of BC (18), (19), (26), (27), (29) and (30) we have:

=0,y¢e (b,l),

x=0

y=1

y=0

ou
: +ﬂ0[17U0]
ox

(3.38)
oy
( ox
(3.39)
()
\ ox )
(3.40)

=0,ye(b,1)

X=05

°+ﬁUJ
)

su=0,yelo0,b]

X=

L =0,xe[s5,6+1]

y=b

e =0,yel0b]

(a ! +ﬁ0[17u1ﬂ
L ox )

(3.42)
[oU, |
{ +ﬁ0[U171]>
Loy J

(3.43)
The conjugations conditions on the line between the wall and the left fin are still

standing in the form (24), (25) for the functions u (x,y) andu (x,y). The linear

combination of the equations (24), (25) together with BC (38) allow us rewrite them
as following BC on the left hand side of the wall:

,5=0,xe[-1,0]

(au" Spu.l ARy (3.44)
ax =0+0
where
(1 oU,
— -U, 0<y<h,0<x<0,
Fxy)=1 8, ox
{—1, b<y<1.
(3.45)

In the similar way using the linear combination of the equations (22), (23) together
with BC (39) we rewrite following BC on the right hand side of the wall:

ouU
(%o pu,|
(L ox

(3.46)
where

= ﬂFo(é‘v y)'

x=5-0




[[1 ouU

— +

Fo(xy)=4 8 ax
0, b<y<1.

(3.47)
On the assumption that the functionsr (o,y), r,(s,y)are given we can represent

solution for the wall in very well known form by the Green function:

U,(x,y)= fj F (0,v)G,(x,y,0,v)dv +jF0(5,v)Go(x,y,5,v)dv,
(3.48)

where Green function is:

" Gox,m(xvg)'Goy‘n(yvV)

G,(x.y.sv)= Y

Sz n) e 2]

2, ()0 (5)

2

Gonlx.5)= ,Go (y,v)=cos[nz(y+v)]+cos[nz(y-v)]

¢’o,m

@, o (x)=cos (u, x)+ 'H—"sin (%), g ﬂ°2 + ﬂz o ¥ (ﬁf’)z N P
Ky 2uy 2y up+(B) 2

Here x are the positive roots of the transcendental equation:

Ho(Bot B)
ni-BoB
Unfortunately the representation (48) is unusable as solution for the wall because of
unknown functionse (o, y),r,(s.y) i.e. temperature in the fins. That is why we will pay
attention to the solution for the fins now. In the same way we can rewrite the

conjugations conditions (22), (23) in the form of BC on the left side of the right
rectangular fin:

2 |

Hn

(/)O‘m

tan (u,6)=

(&*ﬁU) = BF(5,y)

\ ox Myesro

(3.49)

where
10U

F(x,y)—[ °U0],0< y<b,s<x<8+1.
p 0Ox

(3.50)

Then, similar as for the wall we can represent solution for the right fin in following
form:

b

U(x,y)=-[F(s.n)G(x,y,8,7)dn,

(3.51)
where Green function is:

0

Gl _(x) X, &) () , o
Sl y.cug)- 5 S EVOTN) oy A006(E)
i j=1 ﬂ’i +kj ¢i
GEV>(y|77): '/’J(Yuz)’ (x)=cos [2,(x = &)+ —sin [4,(x - &)] H¢.‘2 ='82+|[1+ ﬁ:}
2|y A A2 A,

v, (y.n)=cos[x (y+n)]+cos[x (y-n)] ‘W
i

2:1[b+ Zﬁ 2].
2 ki + 8



Here 4,, k, are the positive roots of the transcendental equations:
22,8 B

Ao gt K,

Finally, we rewrite the conjugations conditions in the form of BC on the right side of

the left rectangular fin:

tan (2,1) = , tan (K,b)=

ou

( 1+ﬂ0U1) :ﬂon(O'y)’
K 6X )x:0+0
(3.52)
where

10U
F,(x,y)=——2+U,,0<y<h.

B, Ox
(3.53)
Thus, solution for the left fin we can represent in following form:
U, (X y) =B, [G(xy, =l v)dv + [ F, (0,v)G, (X, y,0,v)dv + B, [ G (x,y,&,b)d¢,
(3.54)
where

@6 (x.£)-67)(y, . (e, (£) v, (y.n)
GI(X,Y,§,U)=Z ) (x 52) ,Zj(y n) GM(X, ):%,Gfﬁ)(yln): . -
b=t i +;Lj P 2'/’1‘j
o () = <08 Loy (¢ + 1]+ Z2sin e (x +1.0) o [ = 22+ Il[1+ ﬂz]
v Hi H; 2 H
2 1
v, (y)=cos [ij(y—n)]+ cos [ﬂj(y+77)], vl = —(b + — Po ; W
2| 248,

Here ., 2, are the positive roots of the transcendental equations:

tan(‘u‘h):Lﬁoz‘ tan (ﬂjb)=ﬁ70,

ﬂizfﬂg /Ij
Using notation (51) and representation (47) we can easy obtain the following
equation:

b

Fox,¥)=~[F(s.7)T(x,y,8,7)dn,

(3.55)
(2ip)

Where r(x,y,&n)=|—+ B |G(x,y,&,n)
\ ox )

In the similar way we find equation for F (0,y) by using (45) and (54):

b 0 b

FI(O,y) = ﬁDJFI(O,y,—Il,v)dv - B, J. Fl(O,y,cf,b)dﬁ +J.F2(O,v)l"1(0,y,0,v)dv,
(3.56)
where

P
r(x,y.¢.v)= (*— ﬁole(va,g,V)-
\ ox )

Next, we find equation for F (s,y) by using (50) and (48):



b 1

F(5.n)=[Fo(8.v)To(8,m,8,v)dv = [F (0,v)T,(5,7,0,v)dv. (3.57)
Where 1, x.y.c.0)=( £ Jo, b y.s)
Finally, using (53) and (48) we get equation for (o, y):

F,(0.y)=—[F (0.v)I, (0,y,0,v)dv + [F,(5,v)T,(5,y,6,v)dv. (3.58)

0 0

Here 1,(x,y,c.v)= (i+ ﬂJGO(X, i)
L ox )

When a system of Fredholm integral equations of the second kind (58) — (61) is
solved, we obtain the temperatures fields in the wall (48), left fin (54) and right fin
(51).

4. System with Double Wall and Double Fins

Since the given system can be divided into several symmetrical parts, we will describe
the problem for only one of those L-shaped parts [14].

L-type domain

We are going to represent the original L-type domain as a finite union of canonical
subdomains with appropriate conjugation conditions along the lines connecting two
neighbour domains. We may therefore suppose that this L-shaped sample is made up
from five rectangles.

[+¢ -
!
c(] G C
& A "
0 b b+ Iy

-

Definition of geometrical parameters for the sample

Let’s assume that v, (x,y) denotes the temperature in the domain c, with thermal
conductivityk,, and h, is heat transfer coefficient. Here k = k, andk, = k, = k, .

The temperature fields are described by

o°v., oV,

2'+ 2':0,X,yeCi.

ox oy

Besides the equations, the following boundary conditions are imposed. We have a
heat flux atx = -5 :

oV,

=-Q,(y) .
oX

X=-0



Along the lines of symmetry, y - o and y = 1, symmetry boundary conditions must be
applied:

v,

? =0,

where n denotes the exterior normal to the boundary of the domains c,. But at the

other sides of the sample there is a heat exchange with the surrounding medium:

—+ BV, =0,
on

h
where g/ = —.
kl

Assuming that there is no contact resistance between the connected parts, we also add

conjugation conditions:
oV, k i 6Vj

k. ox

X=... I

ov,

X=... ax

X=... i

1 o

y=.. i

y=...
As the upper layer is quite thin, from now on we are going to assume that the
temperature is uniform across the layer thickness. Hence from appropriate
conjugation conditions we get these expressions:

V,(xy) =v,(y) =V,(0,y),

4.1)
Vo (x,y) = v, (X)) =V(x,b),
4.2)
Vo(x,y)=v,(y)=V(ly).
4.3)

Because of that, we only need to solve the problem defined for the basic layer. So, we
have the Laplace equations

o'V a*v
+ =0
ox’ oy :
(4.4)
o°v, a°v,
+ =0
ox’ 6y2
(4.5)
with boundary conditions at the six sides. As we know from Section 2,
av,
oX |, s
(4.6)
oV, oV,
=0, =0,
oy |, oy |,
(4.7
LA
oy Yo 1
(4.8)
But to get boundary conditions atx=o0,x=1, and y-b, we use appropriate

conjugation conditions and expressions (1) — (3). For example, at x = 0 we have



| ox - .\ oX )X:O
or
(av" +ﬂgvﬂ =0, ye(b1,)
\ ox o
(4.9)
And
fﬂwjﬂ =0, ye(0,b)
{ ox N
(4.10)
[£+ﬁ;v] =0, xe (0,1)
oy yo
(4.11)
atx =1, y=h.

We also add conjugation conditions that state continuity of temperature and heat flux
at the interfacex = o

vV, o =V o]
(4.12)

oV, ov

oX 0 B g e s0
(4.13)

Using conservative averaging method (see [10], etc.), we are going to construct an
approximate solution for the given problem. Let’s use an exponential approximation
in the y -direction for the 2D temperature field v (x, y) in the fin. The general form

of the function is given by

V(x,y) = fo()+ (" =1) f()+ (1-e ") f,(x),

(4.14)

where p =b ",

From symmetry condition (8) we find that f,(x) = - f,(x). So, (14) assumes the
following form:

V(x,y)= f, (x)+ 2(cosh (py)-1)f,(x).

(4.15)

Defining the function v(x) as integral average value

b

V() = PV (x )y

0

(4.16)
and integrating the expression (15) with respect to y , we can find the function f, (x):
f(x) = v(x) - f,(x) .

2(sinh( 1) - 1)
Let’s substitute this in (14):



- inh(1) - h
V(le):Mv(x)+ sinh() ~ cosh (py) o (x) .
sinh( 1) -1 sinh(1) -1

417
Aéplyir?g the boundary condition (11), we have
(psinh(@) + B, (cosh(®) —1))v(x) + (- psinh(1) + B, (sinh(1) - cosh(1))) f,(x) = 0.
And hence
fo (x) = wv(x)
(4.18)
with

sinh( 1) + B, b(cosh( 1) - 1)

~sinh( 1) + £ b(cosh( 1) — sinh( 1))
It follows immediately from (18) that
V(x,y)=v(x)@(y),

(4.19)
where
sinh( 1) + B,b(cosh( 1) - cosh (py))
D(y) = ; - .
sinh( 1) + B, b(cosh( 1) - sinh( 1))
(4.20)

Now the expression (14) (or (19)) contains only one unknown function — v(x). In

order to determine it, we use the definition (16) and from the partial differential
equation (4) obtain an ordinary one for the unknown function:
2 y=b

dv+pﬂ =0, xe (0,1).
oy yoo
The difference of the derivatives may be found via the boundary conditions (8) and
(11), and (19):
d 2
dx
(4.21)
where
2% = pp @ (b).
Applying the same operator (16) to (10) we get a boundary condition
vi(l)y+ Bgv(1) =0.
(4.22)
A solution to the problem (21), (22) is hence found to be

v(x) =c, (e + ue ™),

2

dx

v 2
2—/1 v(x)=0,

(4.23)
where
At B o
H=—-—e
2= B,
and c, is an unknown constant.
Therefore

X

V(X,y) = cl(e}' +ye'“)(1)(y).

(4.24)



We act almost equally for the wall, and approximate the 2D temperature field

V, (x,y) using exponential approximation in the x — direction:

Vo, y) =g, (y)+ (6" =1)g, (y)+1-e" g, (y), (4.25)
with d = 6.

Once again we use the properties of the function to solve for the unknown functions
g,(y),i=012.

We obtain average value function by the integral

0

v,(y)=d Ivo(x, y)dx .

-0

(4.26)
Integrating (25) over the segment (- 5,0), gives

Vo(y)=9,(y)+(e-2)g,(y)+e "g,(y).
(4.27)
The function v (x, y) also satisfies the boundary condition (6):

eg,(y)+e g,(y)=05Q,(y).
(4.28)
So, combining (27) and (28), we have

1
(9, (y) =V, (y)+8Q,(y))-

g,(y)=—
2

(4.29)
Finally, we conclude from (28) and (29) that formula (25) becomes
1 1

1 dx 2 dx 1 —dx 2 dx
Vo(x,y)zgo(y){l+;(e -1)-e ;(1—e )}+v0(y)(—;(e -1)+e ;(1—e )J

+Q0(y){§§(edx -1)+ +(5e —e’ %5}(1— e )J

(4.30)

Here we examine the part of the base that occupies the domainx e (- §,0),y e (b,1,).
Applying the boundary condition (9) to (30),

gU(y){—éd +ﬁ§+§de2J+vo(y)[§d —%dezj+Q0(y)(—§—e+§ezj— 0.

We can rewrite this identity as

9,(y) =v,(y)a, +Q,(y)b,,

(4.31)
where
d—de’ 1+2e—e’
T e L e TP
d-2p, —de d-2p, —de

Substituting (31) into the representation (30), yields

1 dx 21 dx
Vo(x,y):vo(y)(a0+;(a0—1)(e ~1)+e ;(1—a0)(1—e )J

+Q0(y)(bo + %(bo + 5)(97dx —1)+ (58 —e’ %(5 + bo)}(l— edx)}
(4.32)



This shows that the function now depends only on one unknown - functionv (y) . Let’s integrate the
main equation (5) in the x -direction

x=0 2
oV, d v,
+
OX ! dy

X==0

(4.33)
The first addend can be found directly from the boundary condition (6), and (32). So
(33) results in an ordinary differential equation

2

d v

0
2

=0.

2

—x v (y) =, (y), yel(bl,)
dy

(4.34)
where

2

ol = —idz(l—ez)(l—ao): dﬁ';ao,y :_id(bod(e2 —1)+(l—e)2).
2 2

For simplicity reasons we henceforth assume the function @, (y) to be constant, that

ISQ,(y) =Q,.

Integrating (7,), we obtain a boundary condition:
vi(l,)=0.

(4.35)

The solution of (34), (35) is

7Q,

2
K

Ky

Vo (y) = Cz@ Jr':uoei’(y)_

(4.36)

with

M, =8

and c, as an unknown constant.

To find the equation for the left part of the base, wherey < (0,b), let us remind you
that for x = o the functionsv (x,y), v (x, y) satisfy the conjugation conditions (12),
(13). So, from (13) and (24) it follows that

2xl,

oV oV

d —° =d— =dc, A(1- p)®(y).
ax X=-0 6X x=+0

(4.37)

If we now use (37) and the boundary condition (6), then equation (33) becomes
d’v,

2

- =—dc, A(l- u)d(y)-dQ,, ye(0,b).
y

Let us rewrite it as

2
d v,

—=-¢,B, -dQ, +¢,B, cosh (py),
dy
(4.38)
where
B, =dA(l-u)d,, B, =BbdA(l- u)d
1 2 0 11

@, = (sinh( 1) + £ b(cosh( 1) — sinh( 1)), ® , = (sinh( 1) + A 1b cosh( 1)) , .
From (7,) we get a boundary condition:



v, (0)=0.
(4.39)
So, the solution of the problem (38), (39) is

v,(y)=c,B,cosh(py)b®+ %(— c,B,-dQ,)y” +c,.

(4.40)

When finding temperature for the left part of the base, one should take into account,
that the function g, (y) is still unknown. We find that from the conjugation condition
(12). Indeed, putting x = o in (30) and (24), we get that

9, (y) =c, L+ u)®(y).

(4.42)

We have just found solution to the given problem. But we are still left with finding
the unknown constants in the formulas (23), (36) and (40). To determine those, we

will need several requirements to be fulfilled. First, the temperaturesv,(x,y),
V (x,y) must coincide at the contact point x = 0,y = b between the fin and the right
part of the wall, so

c,(1+ u)®(b) =c,a, (™ + e ™ )-a, 7/on +Q,b,
K
(4.42)
Second, the mean temperature values in the wall have continuity aty = b :

vy 7Q ( 1 A
+ e )—K—ZO:CILBzcosh(l)bz—;Blsz—de0b2+c3.

c, (e"b
(4.43)
Third, we claim that the mean fluxes also coincide aty = b :

czrc(e”b —ue "’ )=c,(B,sinh(1)b - B,b)-dQ,b.

(4.44)

All the constants can be found from the system (42), (43), and (44). So, the
approximate analytical solution to the problem is uniquely determined.

To get numerical results for temperature distribution in the sample, we used the
following geometrical parameters:

2 1

§ =500 um, l=1um,b=510 "pum, 1, =1.10 *um .
But for the term physical properties we chose:

2 -1 1

h,=11.085 -10 ‘Waum “K ', k, =910 *Wum 'K ", Q, =50 Kum .
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5. Steel quenching process

Contrary to the traditional method the intensive quenching process uses environmentally
friendly highly agitated water or low concentration of water/mineral salt solutions and very
fast cooling rates are applied. We propose to use hyperbolic heat equation for more realistic
description of the intensive quenching process (especially for process initial stage). Here we
consider few other models and construct solutions for direct and inverse problems of
hyperbolic heat conduction equation [15].

The non-dimensional temperature field fulfils hyperbolic heat equation (telegraph equation):

o’V oV Lo’ a'v a'v) , k
T +—=a + + ,xe (0,1),y e (0,b),ze (O,w),te (0, T], a~ = —.
r 2 | 2 2 2 |

ot ot  Ox oy oz" ) cp
(5.1)

Here ¢ is the specific heat capacity, k - the heat conduction coefficient, , - the density, -

the relaxation time. It is natural assumption that planes x = 0,y = 0,z = 0 are symmetry
surfaces of the sample:

oV B oV B oV _ 0
0X |, _, oy yoo 0z |,_,
(5.2)

On the all other sides of steel part we have heat exchange with environment. Although the
method proposed here is applicable for non-homogeneous environment temperature, for

simplicity we consider models of constant environment temperature ® , = 0 . This restriction

gives following homogeneous third type boundary conditions on the all three outer sides. The
initial conditions are assumed in form:

Vi, =Ve(x,y,2),
(5.3)

t=



oV

=W, (x,y,2).
ot

t=0

(5.4)
From the practical point of view the condition (4) is unrealistic. The initial heat flux must be
determined theoretically. As additional condition we assume that the temperature distribution
and the heat fluxes distribution at the end of process are given (known):

V|‘:T =V, (x,y,2),

(5.5)
oV
— =W, (x,Yy,2).
ot t=T
(5.6)
. " [t )
As the first step we use well known substitution: v (x, y,z,t) = exp| - —— |U (x, y, z,1).
L 21r)

Then the differential equation (1) transforms into differential equation without first time
derivative:

o°u ,(8°u  2°u  d°Uu ) 1
; - +——+— |+ —U,xe(0,1),ye(0,b),ze (0,w),te (0,T],

at L ox® oy’ ez° ) 4r]

2 2
a ' =a Iz .
T r

(5.7)
The initial and boundary conditions take the form:
U |t=0 =V, (x,Yy,2),

(5.8)
vV, (X, Y,
g =W0(x,y,z)+M,
ot |, 21'r
(5.9)
ou | ou | ou |
= = = 0,
ax x=0 ay ‘y:O az z=0
(5.10)
(oU N (U )
—+ﬁUJ =| —+ pU =0,
L oX el L oy Jy:b
(5.11)
(£+ pU ) = 0.
L 0z Jz:w
(5.12)
Additional conditions transform as follow:
(T )
UL:T = exp| [V: (X, y,2),
kZz’r)
(5.13)
ou (T V.(x,y,2) ]
—_— = exp W_(x,y,2)+
ot |_; LerJL 27




We will start with formulation of the mathematical model for thin in y, z — directions of steel
part (one-dimensional model): w " I,bY 1. Then in accordance with conservative
averaging method we introduce following integral averaged value:

b w

u(x,t) = deju (x,y,z,t)dz.

(5.15)
Assuming the simplest approximation by constant in the y, z — directions, we obtain 1-D

differential equation with the source term:

o’u  ,0°u (1 1y 11

zzaT — —cu,xe(0,1)te (0 TlLc=|B|—+—|-—|

ot oX L Lb WJ .
(5.16)

Initial conditions (13), (14) for the differential equation (16) are as follow:

b w

u = u, (x), uo(x):(bw)iljdijo(x,y,z)dz,

t=0

au u, (x) S

—| = v (x),v, (X) = w, (X) + — s W (x) = ( de.[W (x,y,z)dz.

ot |, T,

The boundary conditions remain in the same form. Solutlon of thIS one-dimensional
direct problem is well known:

a |
u(x,t) = —J‘uo(ff)G(x,g,t)dg + Ivo(é)G(X-e‘-t)dé-
ot | o

(5.17)
The Green function has representation:

m,l(pi(x)(pi(g)sinh(t ‘afﬂf + c‘) . (pi(x)(pi(é)sin(t«/afﬂiz + c)
G(x,¢&,t) = )
T o T

(Di(X):COS(ﬂX ||¢7 || —;+m.

Here the natural number m in the both sums is given by inequalities:

o1 o1y 1] [ (1 1Y) 1] —
|<0|_lm—1ai B —+— |- |>0I—moo

4r ] | Lb wJ 4r ]

The eigenvalues 4, are roots of the transcendental equation: 2 tan(i1) = 3.

As it was told earlier, from experimental point of view second initial condition is unrealizable

and the v, (x) must be calculated theoretically. The differentiation of solution gives:

] 2 |

0 0 0
U0 = [0 () G E0dE + [V, (§) G (x.£.0d e,

ot

(5.18)
There is an interesting situation, if both additional conditions are known. In this case we
introduce new time argument by formula
t=T-t

(5.19)
The main differential equation remains its form and the boundary conditions remain the same.
Both additional conditions transform to initial conditions for the equation:



ou
u| =Uu, (x), —= = -v, (x).
ot

t=0

t=0

(5.20)
The solution of direct problem (29), (22) and (30) is similar with the solution. For the heat
flux we have a nice explicit representation for the initial heat flux:

' o’ - ' B -
V() = [U (€)= (& D] de-[v () =6 & D] de.
g 5'[ t=T . 8t t=T

(5.21)
By applying conservative averaging method to the problem we obtain relatively the integral

average temperature u (t) following boundary problem for ordinary differential equation:

duj du, h h 0
T, Pl +—u, = —0O(t)+ f(t),c, =cpH, u (0)=u,,u, (T)=u,.
dt dt c, c,
(5.22)
We are interested to determine
d 0
dt
(5.23)
1 h
Herep = — [1-47 —. (44)
22'r c,

Consequently, we have finally obtained the solution of this problem as:

A
; s 1 1

- Y t
u (t)=e “"[uje’ +(—u, —u - Y)sinh(— )]
27, B2r, g 27,
27 ! t-—w - h
+—"e 2"jsinh(( ),B)(ez” —0(0))do.
ﬂ 0 er Cp

As the last step we use the additional information — condition (20), i.e. the known value at the
end of the process. This information allows us to express unknown second initial condition in
closed and simple form:

T T 0
o F U 1 T
v, = L(UT e’ rule’ (- —)sinh(—ﬂ))
. Tp 27 27
sinh(—) r r
27,
2c. T (T-w) [ h \ oo
+—Jsmh( B —O(w)+ f(w) e "do.
. T 27 cp J
sinh( )° r
27

r

(5.24)
We can increase the order of the approximation for the solution of the original problem by the
representation with polynomial of second degree and exponential approximation. The
integration over interval x € [0, H ] of the main equation practically gives the same ordinary
differential equation. The only difference is in the same coefficient at two terms. The
additional conditions remain the same. It means that we can use obtained above formulae
replacing the parameters g,y by following expressions:




We have obtained solution of well posed problem in closed form. This solution can be used as
initial approximation for integrated over x [0, H ] equation.

Conservative averaging method can be applied to problems with non linear BC.

Condition for nucleate boiling (me[3;3 £] ):
3

ou
k—+p"[U-0,(1)]"=0,x=R,te[0,T]. We solved several problems and
OX

obtained numerical results using Maple and COMSOL Multiphysics. Modeling is

done for a silver ball, r=0.02m, temperature at t=0 is 600°C, at t=T 0°C.
Dependence on = value

Tr VD

0.2 -4499.270429
0.5 -1799.270299
15 -600.2998684

If we compare solutions of classic — parabolic — and hyperbolic heat conduction problems,
using nonlinear boundary condition case, we obtain graphic:

600,
500
400
T 3001
200
100
] ...\.\--,
D T ] T [ T [ T | T | T [ T | T ] T | T = |
o 1 2 3 4 5 B 7 8 9 10
t
H, m=3
H, m=10/3
P, m=3
P, m=10/3

We examined temperature on the radius. As you can see, the temperature on radius is not
monotony. It means that the form of boundary condition on the surface can vary:



s et v sby

Temperature distribution on radius

It is very clear that at the beginning of the process hyperbolic term is extremely important but
later process is described by classic heat equation. It is possible to define precise points were
temperature is computed.

ano
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uu

600

s00

400

0 0s 1 15 2

Temperature changes at r=0m and r=0.01m

References

[1] Editors: Myriam Lazard, Andris Buikis, e.a. Recent Advances in Fluid Mechanics and
Heat & Mass Transfer, Proceedings of the 9" JASME/WSEAS Internacional Conference
on Fluid Mechanics & Aerodynamics and Heat Transfer, Thermal Engineering and
Envinment. Florence, Italy, August 23-25, 2011. WSEAS Press. (Editors’ forward —p. 7.)

[2] Editors: Myriam Lazard, Andris Buikis, e.a. Recent Advances in Applied & Biomedical
Informatics and Computational Engineering in System Applications. Proceedings of the 4™
WSEAS International Conference on Biomedical Electronics and Biomedical Informatics
(BEBI’11). Florence, Italy, August 23-25, 2011. WSEAS Press.

[3] Editors: Myriam Lazard, Andris Buikis, e.a. Recent Advances in Signal Processing,
Computational Geometry and Systems Theory. Proceedings of the 11" WSEAS
International Conference on Signal Processing, Computational Geometry and Artificial
Vision. Proceedings of the 11™ WSEAS International Conference on System Theory and
Scientific Computation. Florence, Italy, August 23-25, 2011. WSEAS Press.

[4] Buikis, A. Interpolation of integral mean of piecewise smooth function by means of
parabolic spline. Latvian Mathematical Yearbook, 1985, No. 29, pp. 194-197. (In
Russian)

[5] Buikis, A. Calculation of coefficients of integral parabolic spline. Latvian Mathematical
Yearbook, 1986, No. 30, pp. 228-232. (In Russian)



[6] M.Buike, A.Buikis. Analytical Approximate Method for Three-Dimensional Transport
Processes in Layered Media. Proceedings of 4th IASME/WSEAS International
Conference on HEAT TRANSFER, THERMAL ENGINEERING and ENVIRONMENT,
Elounda, Crete Island, Greece, August 21-23, 2006, pp. 232-237.

[7] M. Buike, A. Buikis. System of Models for Transport Processes in Layered Strata.
Proceedings of 5th WSEAS International Conference on SYSTEM SCIENCE and
SIMULATION in ENGINEERING, Tenerife, Canary Islands, Spain, December 16-18,
2006, pp. 19-24.

[8] Buikis, A. Definition and calculation of a generalized integral parabolic spline.
Proceedings of the Latvian Academy of Sciences. Section B, 1995, No. 7/8 (576/577),
pp.97-100.

[9] S.Kostjukova, A.Buikis. Integral rational spline with jump for discontinuous
mathematical problems in layered media. LATEST TRENDS ON THEORETICAL
AND APPLIED MECHANICS, FLUID MECHANICS AND HEAT & MASS
TRANSFER Proceedings of 5th IASME/WSEAS International Conference on Continuum
Mechanics (CM’10), University of Cambridge, UK, February 23-25, 2010. pp. 279-282.

[10] A. Buikis, Conservative averaging as an approximate method for solution of some
direct and inverse heat transfer problems. Advanced Computational Methods in Heat
Transfer, IX, WIT Press, 2006, pp. 311-320.

[12] S. Kostjukova, M. Buike, A. Buikis, Conservative averaging method for the heat
conduction and convection processes in layered media. The 6th Baltic Heat Transfer
Conference (BHTC2011), August 24-26, 2011, Tampere, Finland. 6 p. (CD-ROM form).

[13] M. Lencmane, A. Buikis. ANALYTICAL TWO - DIMENSIONAL SOLUTION FOR TRANSIENT
PROCESS IN THE SYSTEM WITH RECTANGULAR FINS, Proceedings of the 6th International
Scientific Colloquium, Riga, 2010, pp 157-180.

[14] T. Bobinska, M. Buike, A. Buikis, H.H. Cho. Stationary heat transfer in system with
double wall and double fins. Advances in Data Networks, Communications, Computers
and Materials. 5™ WSEAS International Conference on Materials Science. Sliema, Malta,
September 7-9, 2012. pp. 260-265.

[15] S.Blomkalna, M.Buike, A.Buikis. Several Intensive Steel Quenching Models for
Rectangular and Spherical Samples. Recent Advances in Fluid Mechanics and
Heat@Mass Transfer. Proceedings of the 9" IASME/WSEAS International Conference on
THE’11. Florence, Italy, August 23-25, 2011. p. 390-395.



